Coherent harmonic generation using single-pass free-electron lasers is a promising method for generating coherent radiation in the vacuum ultraviolet and x-ray spectral region. We propose a simple scheme allowing one to generate powerful coherent radiation in the soft x-ray region by making use of present available technology. The method relies on the possibility of creating substantial bunching in a relativistic electron beam, while limiting the growth of its energy spread. The validity of the scheme is demonstrated using a simple one-dimensional model. Results are confirmed by three-dimensional simulations.
Free-electron lasers (FEL's) are sources of coherent and powerful radiation potentially operating in the spectral range from the infrared to hard x rays. In particular, the ambitious goal of obtaining laser light in x-ray wavelength region rests on the successful evolution of single-pass FEL configurations. Many proposals and several funded projects exist to build such shorter wavelength sources worldwide [1] . Realization of these sources will provide great opportunities by opening up more detailed investigations of many new areas of science [2] . Among single-pass FEL's, two different schemes can be distinguished, depending on the origin of the optical wave which is used to initiate the process. In the self-amplified spontaneous emission (SASE) configuration [3] , the initial seed is provided by the spontaneous emission of the electron beam. SASE-based devices produce tunable radiation at short (x-ray) wavelengths with several gigawatt (GW) peak power, excellent spatial mode, but rather poor temporal and spectral coherence. Recently, new ideas have been proposed to produce fully coherent hard x-ray SASE pulses, see, e.g., [4] . An alternate approach to SASE is coherent harmonic generation (CHG), which is capable of producing temporally and spectrally coherent pulses [5] [6] [7] [8] [9] [10] [11] [12] . The standard process leading to CHG is based on the up-frequency conversion of a high-power seeding signal. The classical scheme for CHG has been proposed in [7, 8] and successfully utilized at Brookhaven to produce coherent radiation in the infrared [11] and UV [12] spectral region. Such a scheme is characterized by a limited wavelength conversion efficiency and, as a consequence, does not allow a straightforward extension of the spectral range towards x rays. For this reason, the conceptual designs of future vacuum ultraviolet (VUV)/x-ray light sources relying on CHG are based on more complicated configurations [13, 14] . In this Letter, we propose a simple method allowing to reach the soft x-ray spectral region by means of a compact and easy-to-implement scheme. Such a method, which is based on a simple modification of the classical scheme proposed in [8] , assures a significant improvement of the wavelength conversion efficiency. Moreover, the output radiation is expected to show a better spectral quality than that obtained using presently proposed configurations. In the following, the validity of the method we propose is first demonstrated in the framework of a well known [15] 1D theoretical model which, although very simple, captures the main features of the dynamics of a single-pass FEL. Then, results are tested and confirmed by means of the 3D numerical code GENESIS [16] . By putting forward the hypothesis of one-dimensional (longitudinal) motion and monochromatic radiation, the steady-state dynamics of a single-pass FEL is described by the following set of equations:
where z 2k u z 2 r =h 0 i 2 is the rescaled longitudinal coordinate, which plays the role of time. Here, a w ! p =4ck u 2=3 = r is the so-called Pierce parameter, r the resonant energy, hi 0 the mean energy of the electrons at the undulator entrance, k u the wave vector of the undulator, ! p e 2 n=m" 0 1=2 the plasma frequency, n being the electron number density, c the speed of light, " 0 the permittivity of free space, e and m, respectively, the charge and mass of the electron. Further, a w eB w =k u mc 2 , where B w is the rms undulator field. Introducing the wave number k 2= of the FEL radiation ( being the laser wavelength), the phase is defined by k k u z ÿ !t (where ! 2c=); its conjugate momentum reads p ÿ hi 0 =hi 0 . The complex amplitude A A x iA y represents the scaled field, perpendicular to z. The intensity I and the phase ' of the wave are defined by A I=N p expÿi' (N being the number of electrons). Here (p j , j ) for 1 j N and (I, ') are canonically conjugated variables. A key parameter is the electron bunching, which is defined as b z P expi i z=N : hexpi zi. The latter provides a quantitative measure of the degree of spatial compactness of the electron distribution. In the classical approach to CHG [8] the seed and the electron beam interact in a short undulator, called modulator, tuned at the seed wavelength . The interaction leads to a modulation of electrons' energy, . Such a modulation is then converted into a spatial microbunching as the beam transverses a dispersive section (e.g., a magnetic chicane). A spectral analysis of the beam density at the end of the dispersive section shows significant bunching at the seed wavelength and some of its harmonics, i.e., =2; . . . ; =m. Finally, when injected into a second undulator, called radiator and tuned at the nth harmonic (with n m) of the seed wavelength, the microbunched electron beam emits coherent radiation at the harmonic wavelength =n. The bunching at different harmonics can be calculated according to the following relation [8] :
where h ÿ hii 0 is the electron-beam incoherent energy spread at the modulator entrance, D 2R 56 =hi 0 , R 56 being the dispersive section strength, and J m is the mth order Bessel function. Once the initial electron-beam properties, i.e., hi 0 and , are fixed, the bunching at different harmonics can be optimized by properly choosing the strength of the dispersive section, R 56 . The relation (4) is valid under the assumption that only energy modulation (i.e., no bunching) is created inside the modulator. Such an approximation is well justified when considering the classical scheme. In the classical scheme, m cannot be large and is generally m 6. Indeed, significant bunching at higher harmonics would degrade the quality of the electron bunch by increasing the beam energy spread produced in the modulator. This would in turn result in a degradation of the amplification process in the radiator. The need to limit the growth of the energy spread prevents the possibility of reaching short wavelengths in a single modulator-dispersive section-radiator ''cascade.'' For this reason, present designs of FEL's based on CHG rely on a series of two [13] or more [14] consecutive cascades in which the radiation generated by intermediate radiator(s) is used as a seed for the following modulator(s). The method we propose relies on the possibility of creating substantial bunching at the fundamental wavelength and harmonics inside the modulator while limiting the energy-spread growth. The scheme is shown in Fig. 1(b) . With respect to the classical configuration [see Fig. 1(a) ], the modulator is subdivided in two undulator sections. Between the two sections there is a phase shifter, the role of which is to control the relative phase between the electron beam and the optical field provided by the external seed laser.
Equations (1)- (3) have been solved numerically. Simulations reported in the following are based on the realistic parameter set adopted for the design of the first stage of the FERMI@Elettra project [13] . Relevant parameters are hi 0 2349 (electron-beam energy: 1.2 GeV), 0:4 (initial energy spread: 200 keV), 7:5 10 ÿ3 . The two undulator modules are about 2 m long and the drift between them (where the phase shifter is located) is 0.5 m. The only important difference with respect to the FERMI@Elettra design is in the power of the seed laser, i.e., 100 MW for the FERMI case and about 10 GW for the double-modulator scheme. It is worth noting that, although the seed radiation density in the proposed scheme is larger than the one used for the standard FERMI and Bessy configurations, the condition for bunching creation [17] is still satisfied. The value of the laser intensity is the result of a careful optimization: it is low enough to be easily generated by presently available laser systems and strong enough to reduce both R 56 and the length of the modulator, so that significant bunching is generated at high harmonics [see Eq. (5)]. Electrons are assumed to be initially unbunched, i.e., b h 0 (h 1; . . . ; m).
The limitation of the energy-spread growth is obtained by means of a prompt shift of the electron-seed phase before the electron beam enters the second undulator section. The effect of the shift on the energy spread is shown in Fig. 2 . In the first module (z < 2 m), the strong optical field induces a rapid coherent growth of the electron-beam energy spread, see Fig. 2(a) . As shown in Fig. 2(c) , such an energy modulation is essentially in phase with the optical field. After the shift the energy modulation and the optical field get out of phase [see Fig. 2(d) ]. In the second modulator section (z > 2 m) electrons with negative energy spread experience an accelerating field, while electrons with energy above resonance are instead decelerated. As a consequence, the energy spread at the exit of the second modulator is strongly reduced, see Figs. 2(a) and 2(e). A major difference to the standard configuration is that, while in the latter case only a low energy modulation is induced inside the (single) modulator, in the proposed scheme a significant bunching is already generated along the double modulator [see Fig. 2(b) ]. Considering that the bunching evolution inside the undulator is given by b 0 z / R z 0 d, it is evident the advantage of a bump in energy spread (as in the double-modulator scheme), see Fig. 2(a) .
After the end of the modulator electrons enter the dispersive section where the beam phase space is rotated and   FIG. 1 (color online) . Classical [8] and new proposed schemes for CHG using an external VUV seed laser.
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week ending 6 JULY 2007 the bunching at the desired harmonic optimized, see Fig. 3(a) . Looking at the electron distribution versus phase, Fig. 3(b) , one can see the bunching effect, due to which electrons concentrate around a given phase position. The width of the distribution, , is related to the maximum harmonic number m at which a reasonable bunching is created. The condition to be fulfilled is 3 < =m. The main contribution to comes from the transformation of the initial incoherent energy spread, , into phase spread. This occurs according to the following relation
where N is the number of undulator periods. The first term at the right-hand side of Eq. (5) represents the energyphase spread conversion occurring inside the modulator. The second term is the contribution to phase spread due to the dispersive section. Since significant bunching is already created inside the modulator, the needed value of the dispersive section strength, R 56 , is a factor 4 -5 smaller in the case of the double-modulator scheme. The need of a smaller R 56 results in turn in a smaller and, as a consequence, in a stronger bunching at higher harmonics with respect to the standard configuration. A Gaussian fit of the electron phase distribution at the exit of the dispersive section [dashed curve in Fig. 3(b) ] gives 0:16, which is slightly larger than the value predicted by Eq. (5). The additional contribution [not included in Eq. (5)] comes from the residual curvature in the electron-beam phase space when the beam is rotated in the dispersive section. Using the FERMI@Elettra parameter set, the value of allows the existence of sufficient bunching up to m ' 12, as demonstrated in Fig. 3(c) , where the electron distribution is plotted considering the 12th harmonic of the initial seeding signal at 240 nm. These results are corroborated by the data shown in Fig. 4(a) (continuous line) , where the maximum achievable bunching at different harmonics is plotted for the considered initial conditions. Figure 4 (a) also shows the same curve for the standard method (dashed line). Such a curve has been calculated by optimizing Eq. (4) for the same electron-beam parameters and final induced energy spread. Assuming a bunching of 10% as the minimum required to get a good coherent=incoherent signal ratio, one can see that while the standard method allows effective harmonic generation at wavelengths not shorter than =6 (i.e., 40 nm), a factor of 2 can be easily gained by using the modified scheme.
The theoretical findings obtained using the simple 1D theoretical model (1)-(3) have been checked by means of the 3D numerical code Genesis, which properly takes into account light diffraction and transverse electron-beam dynamics. The significant enhancement of the system performance using the double-modulator scheme has been Fig. 2(a) ], and at the beginning [point 2 in Fig. 2(a) ] and at the end [point 3 in Fig. 2(a) ] of the second one, respectively. The optical field profile is also reported. For the simulation use has been made of the parameters adopted for the design of the FERMI@Elettra FEL (see text).
week ending 6 JULY 2007 fully confirmed. In Fig. 4(b) is shown the peak power emitted along the radiator tuned at 20 nm. The strong initial bunching at the amplified wavelength is responsible for the initial steep quadratic growth. Power saturates above 1 GW after six undulator sections of 2.5 m.
Because of the strong bunching occurring in the modulator, the double-modulator scheme will be also less sensitive to the broadening of the FEL output bandwidth caused by any residual energy chirp in the electron-beam distribution. When electrons cross the dispersive section, a nonlinear variation of the beam energy profile is transformed into a broadening of the central wavelength. Such a broadening depends on the strength of the dispersive section according to the following relation: R 56 d=dzhi 0 . As already pointed out, in the doublemodulator scheme, the value of R 56 is significantly smaller than in the standard configuration. As a result, spectral broadening will be smaller as well and the output FEL pulse will be closer to the transform limit.
Up to this point, it has been shown that the proposed method can be used to significantly improve the performance of the classical single-cascade scheme. For this purpose, use has been made of the ''conservative'' set of parameters which are currently utilized for the design of the FERMI@Elettra FEL. However, the great potential of the double-undulator scheme can be better appreciated by assuming more ''aggressive'' (although still realistic) initial conditions. Consider Eq. (5): the way to further extend the accessible spectral region relies on the improvement of the phase resolution after the dispersive section.
Such an improvement can be obtained by decreasing the relative energy spread =hi 0 . Reducing the relative energy spread by a factor four with respect to the FERMI@Elettra case allows, for instance, to get significant bunching after the dispersive section at the 48th harmonic of the seed laser, that is 5 nm.
In conclusion, we have demonstrated a simple method allowing to significantly extend the spectral region covered by a single-cascade FEL. The main limitation to the quest for short wavelengths is represented by the relative beam incoherent energy spread. For realistic values of such a parameter the scheme we propose is able to reach wavelengths as short as few nm. The method is easy to implement and can be expected to have an impact on the realization of future facilities based on coherent harmonic generation using a single-pass free-electron laser.
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